Published by Institute of Physics Publishing for SISSA/ISAS Received: July 3, 2004 Accepted: July 26, 2004

Absence of a fuzzy S^4 phase in the dimensionally reduced 5d Yang-Mills-Chern-Simons model

Takehiro Azuma, Keiichi Nagao and Jun Nishimura

Institute of Particle and Nuclear Studies High Energy Accelerator Research Organization (KEK) 1-1 Oho, Tsukuba 305-0801, Japan E-mail: azumat@post.kek.jp, nagao@post.kek.jp, jnishi@post.kek.jp

Subrata Bal

Department of Physics, Kyoto University, Kitashirakawa Kyoto 606-8502, Japan E-mail: subrata@gauge.scphys.kyoto-u.ac.jp

Abstract: We perform nonperturbative studies of the dimensionally reduced 5d Yang- Mills-Chern-Simons model, in which a four-dimensional fuzzy manifold, “fuzzy S^4”, is known to exist as a classical solution. Although the action is unbounded from below, a well-defined vacuum, which stabilizes at large N, exists when the coefficient of the Chern- Simons term is sufficiently small. However, this vacuum corresponds to the “Yang-Mills phase”, in which the system behaves similarly to the pure Yang-Mills model. In Monte Carlo simulations we find that the fuzzy S^4 prepared as an initial configuration either diverges or falls into the Yang-Mills phase. Thus the model does not have a “fuzzy S^4 phase” in contrast to our previous results on the dimensionally reduced 3d Yang-Mills- Chern-Simons model, in which the “fuzzy S^2” can be realized dynamically.

Keywords: Nonperturbative Effects, Non-Commutative Geometry, Matrix Models.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep072004066 /jhep072004066 .pdf

Contents

1. Introduction 1

2. The model and the fuzzy S^4 2

3. Monte Carlo simulations 4

4. Summary and discussions 6

1. Introduction

Fuzzy spheres [1], which are simple compact noncommutative manifolds, have been discussed extensively in the literature. One of the motivations comes from the general expectation that noncommutative geometry provides a crucial link to string theory and quantum gravity. Indeed Yang-Mills theories on noncommutative geometry appear in a certain lowenergy limit of string theory [2]. There is also an independent observation that the spacetime uncertainty relation, which is naturally realized by noncommutative geometry, can be derived from some general assumptions on the underlying theory of quantum gravity [3]. Another motivation is to use fuzzy spheres as a regularization scheme alternative to the lattice regularization [4]. Unlike the lattice, fuzzy spheres preserve the continuous symmetries of the space-time considered, and hence it is expected that the situation concerning chiral symmetry [5]–[19] and supersymmetry might be ameliorated.

Fuzzy spheres appear as classical solutions in matrix models with a Chern-Simons-like term [20]–[23] and their dynamical properties have been studied in refs. [24]–[30]. These models belong to the class of the so-called dimensionally reduced models (or the large-N reduced models), which is widely believed to provide a constructive definition of superstring and M theories [31, 32, 33]. The space-time is represented by the eigenvalues of the bosonic matrices, and in the IIB matrix model [32], in particular, the dynamical generation of fourdimensional space-time (in ten-dimensional type-IIB superstring theory) has been discussed by many authors [34]–[46].

In ref. [28] we have studied the dimensionally reduced 3d Yang-Mills model with the cubic Chern-Simons term, which has the fuzzy 2-sphere (S^2) as a classical solution. Unlike previous works we have performed nonperturbative first-principle studies by Monte Carlo simulations. We observed a first order phase transition as we vary the coefficient of the Chern-Simons term. For a small coefficient the large-N behavior of the model is the same as in the pure Yang-Mills model, whereas for a large coefficient a single fuzzy S^2 appears dynamically.

– 1 –

For obvious reasons it is interesting to extend this work to a matrix model which accommodates a four-dimensional fuzzy manifold. Among various possibilities, here we study the dimensionally reduced 5d Yang-Mills model with the quintic Chern-Simons term [21, 23], which is known to have the fuzzy 4-sphere (S^4) as a classical solution [47]. Various aspects of the fuzzy S^4 are discussed in refs. [48]–[54].

The rest of this paper is organized as follows. In section 2 we define the model and discuss some properties of the fuzzy S^4 solution. In section 3 we present our results of the numerical simulation. Section 4 is devoted to a summary and discussions.

2. The model and the fuzzy S^4

The model we study is defined by the action S = N ( − 1 4 tr[A_μ, A_ν ]^2 − 1 5 λ ϵ_{μνρστ} tr(A_μA_ν A_ρA_σA_τ ) ) , (2.1)

where A_μ (μ = 1, . . . , 5) are N × N traceless hermitian matrices, and ϵ_{μνρστ} is a rank-5 totally-antisymmetric tensor with ϵ_{12345} = 1.

The classical equation of motion is given by

[A_ν , [A_μ, A_ν ]] + λ ϵ_{μνρστ} A_ν A_ρA_σA_τ = 0 , (2.2)

which is known to have a solution of the form

A_μ = 1 2 α G_μ , (2.3)

where α is given by α = 1 (n + 2) λ

(2.4)

with some positive integer n, and G_μ is defined as

G_μ = n∑ j=1 ( 1_4 ⊗ · · · ⊗ 1_4 j−1 ⊗Γ_μ ⊗ 1_4 ⊗ · · · ⊗ 1_4 n−j ) sym . (2.5)

Here the tensor product ⊗ with the suffix “sym” represents the so-called symmetric tensor product (See e.g. ref. [55] for details), and Γ_μ are 4 × 4 hermitian matrices which obey the 5-dimensional (euclidean) Clifford algebra

{Γ_μ, Γ_ν } = 2 δ_{μν} . (2.6)

An explicit representation of the 5d gamma matrices Γ_μ is

Γ_a = σ_a ⊗ σ_1 (a = 1, 2, 3) , (2.7) Γ_4 = 1_2 ⊗ σ_2 , (2.8) Γ_5 = 1_2 ⊗ σ_3 , (2.9)

– 2 – where σ_a (a = 1, 2, 3) are the Pauli matrices . According to the definition of the symmetric tensor product, the size N of the matrix G_μ in (2.5) is given by N = 1 6 (n + 1)(n + 2)(n + 3) . (2.10)

The solution (2.3) can be regarded as the fuzzy S^4 [21, 23].^1 Unlike the fuzzy S^2 case [28], the fuzzy S^4 solution exists only for particular values of N given by (2.10).

From the algebraic point of view, the fuzzy S^4 solution (2.3) differs from the fuzzy S^2 in that G_μ is not closed with respect to the commutator. Let us therefore define the commutator as G_{μν} = [G_μ, G_ν ]. Then G_μ and G_{μν} satisfy the following relations [47, 48, 55]

G_μG_μ = n (n + 4) 1_N , (2.11) G_{μν} G_{μν} = −16 n (n + 4) 1_N , (2.12) [G_{μν} , G_ρ] = (−δ_{μρ}G_ν + δ_{νρ}G_μ) , (2.13) [G_{μν} , G_{ρχ}] = (δ_{νρ}G_{μχ} + δ_{μχ}G_{νρ} − δ_{μρ}G_{νχ} − δ_{νχ}G_{μρ}) . (2.14) From eq. (2.11) we obtain ∑ μ (A_μ)^2 = R^2 1_N , (2.15)

R^2 = 1 4 α^2 n (n + 4) , (2.16)

which means that R represents the “radius” of the fuzzy S^4. Note that the radius R is inversely proportional to λ, the coefficient of the Chern-Simons term, unlike the fuzzy S^2 case [28]. The matrix G_μ also satisfies the self-duality condition

ϵ_{μνρστ} G_ν G_ρG_σG_τ = 8 (n + 2) G_μ . (2.17)

Using these formulae, it is easy to check that (2.3) is a solution to the classical equation of motion (2.2). The value of the action for the classical solution (2.3) is given as

S_{cl} = 1 20 n (n + 4) α^4 N^2 , (2.18)

which increases with α and hence with the radius R of the fuzzy S^4. This is again in contrast to the fuzzy S^2 case [28], where the corresponding action has an overall minus sign, and therefore it decreases with the radius of the fuzzy S^2.

In order to reveal some crucial properties of the present model, let us consider a oneparameter family of configurations

A_μ = 1 2 ξ G_μ , (2.19)

1More precisely, the solution (2.3) corresponds to the homogeneous space SO(5)/U(2), which is locally S^4×S^2. Here the fuzzy S^2 is naturally considered as an internal space attached to each point on the fuzzy S^4 [21, 23].

– 3 – where ξ = α corresponds to the classical solution (2.3). The corresponding value of the action (2.1) for each ξ is given by

S(ξ) = N^2 n (n + 4) ( 1 4 ξ^4 − 1 5 α ξ^5 ) . (2.20)

We find that the action can take arbitrarily negative value by increasing ξ. Thus the classical action is not bounded from below and the path integral over A_μ obviously diverges. Moreover, the point ξ = α actually gives a local maximum of S(ξ). Thus the solution (2.3) is merely a saddle point of the classical action. These properties are in striking contrast to the situation in the fuzzy S^2 case [28], where the single fuzzy S^2 is a minimum of the action (at least locally), and the path integral converges for N ≥ 4 [56]. These differences come from the fact that the Chern-Simons term in the present model is quintic and it has a higher power in A_μ than the Yang-Mills term, whereas in the previous model the Chern-Simons term is cubic and it has a lower power in A_μ than the Yang-Mills term.

Even if the path integral diverges for λ ≠ 0 at finite N, there is a possibility that the model possesses a well-defined vacuum, which stabilizes at large N. A well-known example is the one-matrix model S_ϕ = N ( 1 2 tr ϕ^2 − 1 3 g tr ϕ^3 ) , (2.21)

where ϕ is an N × N hermitian matrix. Although the action is unbounded from below, this model has a sensible large-N solution [57] for g^2 ≤ g^2_c ≡^1_{12}^√_3 . Similarly, our model (2.1) does possess a well-defined vacuum for sufficiently small λ, as we will see in the next section. We will also examine the possibility that the fuzzy S^4, which is unstable classically, may get stabilized due to some quantum effects.

3. Monte Carlo simulations

We address the issues raised in the previous section by Monte Carlo simulation. For an updating procedure, we apply the heat bath algorithm developed in ref. [58] (See the appendix A of ref. [28] for more details). We take the fuzzy S^4 solution (2.3) as the initial configuration, and carry out simulations for various λ at N = 4, 10, 20, 35, 56, which corresponds to n = 1, 2, 3, 4, 5, respectively, due to (2.10). Since the qualitative behavior turns out to be the same for any N, we will show explicit results only for N = 56. In order to probe the geometrical structure of the configurations, we consider the eigenvalues λ_j (j = 1, . . . , N) of the quadratic Casimir operator [28]

Q = 5∑ μ=1 (A_μ)^2 . (3.1)

In figure 1 we plot the eigenvalues {λ_j } and the normalized action S/N^2 for α = 0.4 against the Monte Carlo time τ (or more precisely, the number of “sweeps” in the heat bath algorithm [28]). For the initial fuzzy S^4 configuration (τ = 0), all the eigenvalues coincide with (2.16) and the action is given by (2.18). After the first sweep, the eigenvalues

– 4 –

Figure 1: The eigenvalues {λ_j } of the quadratic Casimir operator Q (left) and the normalized action S/N^2 (right) are plotted against the Monte Carlo time τ for α = 0.4 at N = 56.

Figure 2: The 56 eigenvalues of the quadratic Casimir operator Q for α = 1.0 (left) and the normalized action S/N^2 for α = 0.5, . . . , 1.0 (right) are plotted against the Monte Carlo time τ at N = 56.

spread out, obviously for entropical reasons, and correspondingly the action increases. The eigenvalues and the action are stable for several sweeps, but change drastically at τ = 6. At τ = 7, which is not included in the figure, the maximum eigenvalue reaches 2.0 × 10^4 and the action becomes S/N^2 = −1.7 × 10^6. Subsequently all the eigenvalues blow up and the action takes further negative values until the run terminates due to overflow. We observed similar behaviors for α ≲ 0.5 (i.e., large λ).

For α ≳ 0.5 (i.e., small λ), on the other hand, the system turns out to be well-behaved. In figure 2 we plot the eigenvalues {λ_j } and the normalized action S/N^2 against the Monte Carlo time τ. The eigenvalues spread out after the first sweep, and then they all decrease keeping their extent almost constant. The action goes up after the first sweep, and then goes down as all the eigenvalues decrease. This behavior can be understood qualitatively from the action (2.20) for the rescaled configuration (2.19). The action after thermalization turns out to be almost independent of α. This is a property of the “Yang-Mills phase” [28], in which the effect of the Chern-Simons term is negligible and the model behaves similarly to the pure Yang-Mills model (λ = 0, i.e., α = ∞ ) [58].

– 5 –

Figure 3: The eigenvalue distribution f(x) is plotted for α = 0.5, . . . , 1.0 at N = 56.

We also calculate the eigenvalue distribution defined by

f(x) = 1 N N∑ j=1 ⟨δ(x − λ_j)⟩ . (3.2)

For the fuzzy S^4 solution, it is given within the classical approximation as

f(x) = δ(x − R^2) , (3.3)

where R^2 defined by (2.16) is proportional to α^2. Figure 3 shows the results for α = 0.5, . . . , 1.0. The results are almost independent of α, which continues to be the case for even larger α. This is again a property of the “Yang-Mills phase”. Since the empty region at x ≲ 1 can be understood from the uncertainty principle, the geometry should rather be considered as that of a solid ball [28].

We have also simulated the model using A_μ = 0 as the initial configuration. In this case we are not restricted to the values of N given by (2.10), so we tried N = 12, 14, 16 as well. For any value of N, we find that the system either diverges or falls into the Yang-Mills phase.

4. Summary and discussions

In this paper we reported on a first attempt to extend our previous work [28] on the fuzzy S^2 to a four-dimensional fuzzy manifold. We considered the fuzzy S^4 realized as a classical solution in the dimensionally reduced 5d Yang-Mills-Chern-Simons model. We find various differences between the present model and the previous one in spite of their similarity. In particular we have observed that the fuzzy S^4 prepared as the initial configuration either diverges or falls into the Yang-Mills phase. Thus we conclude that the present model does not have a phase in which the fuzzy S^4 becomes stable.

– 6 –

This negative result is essentially due to the fact that the quintic Chern-Simons term has higher powers in A_μ than the Yang-Mills term.^2 In this regard we note that there are other models which accommodate four-dimensional fuzzy manifolds such as CP^2 and S^2 × S^2 with some kind of a cubic Chern-Simons-like term. We would like to report on these cases in the forthcoming publications.

Acknowledgments

We would like to thank Hikaru Kawai and Yusuke Kimura for helpful discussions. The work of T.A., S.B. and J.N. is supported in part by Grant-in-Aid for Scientific Research (Nos. 03740, P02040 and 14740163, respectively) from the Ministry of Education, Culture, Sports, Science and Technology.

References

[1] J. Madore, The fuzzy sphere, Class. and Quant. Grav. 9 (1992) 69.

[2] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys.

09 (1999) 032 [hep-th/9908142].

[3] S. Doplicher, K. Fredenhagen and J.E. Roberts, The quantum structure of space-time at the Planck scale and quantum fields, Commun. Math. Phys. 172 (1995) 187 [hep-th/0303037].

[4] H. Grosse, C. Klimčík and P. Prešnajder, Towards finite quantum field theory in noncommutative geometry, Int. J. Theor. Phys. 35 (1996) 231 [hep-th/9505175].

[5] H. Grosse and J. Madore, A noncommutative version of the Schwinger model, Phys. Lett. B 283 (1992) 218;

H. Grosse and P. Presnajder, The Dirac operator on the fuzzy sphere, Lett. Math. Phys. 33 (1995) 171;

H. Grosse, C. Klimčík and P. Prešnajder, Field theory on a supersymmetric lattice, Commun. Math. Phys. 185 (1997) 155 [hep-th/9507074]; N = 2 superalgebra and non-commutative geometry, hep-th/9603071.

[6] U. Carow-Watamura and S. Watamura, Chirality and Dirac operator on noncommutative sphere, Commun. Math. Phys. 183 (1997) 365 [hep-th/9605003]; Noncommutative geometry and gauge theory on fuzzy sphere, Commun. Math. Phys. 212 (2000) 395 [hep-th/9801195].

[7] H. Grosse and P. Prešnajder, A treatment of the Schwinger model within noncommutative geometry, hep-th/9805085; A noncommutative regularization of the Schwinger model, Lett. Math. Phys. 46 (1998) 61.

[8] A.P. Balachandran and S. Vaidya, Instantons and chiral anomaly in fuzzy physics, Int. J.

Mod. Phys. A 16 (2001) 17 [hep-th/9910129].

[9] A.P. Balachandran, T.R. Govindarajan and B. Ydri, The fermion doubling problem and noncommutative geometry, Mod. Phys. Lett. A 15 (2000) 1279 [hep-th/9911087].

2Fuzzy spheres appear as classical solutions also in dimensionally reduced Yang-Mills models with a tachyonic mass term [59]. We obtained clear indications from Monte Carlo simulations that such systems are ill-defined.

– 7 –

[10] P. Prešnajder, The origin of chiral anomaly and the noncommutative geometry, J. Math.

Phys. 41 (2000) 2789 [hep-th/9912050].

[11] A.P. Balachandran, T.R. Govindarajan and B. Ydri, The fermion doubling problem and noncommutative geometry II, hep-th/0006216.

[12] J. Nishimura and M.A. Vazquez-Mozo, Noncommutative chiral gauge theories on the lattice with manifest star-gauge invariance, J. High Energy Phys. 08 (2001) 033 [hep-th/0107110].

[13] H. Aoki, S. Iso and K. Nagao, Chiral anomaly on fuzzy 2-sphere, Phys. Rev. D 67 (2003) 065018 [hep-th/0209137].

[14] H. Aoki, S. Iso and K. Nagao, Ginsparg-Wilson relation, topological invariants and finite noncommutative geometry, Phys. Rev. D 67 (2003) 085005 [hep-th/0209223].

[15] B. Ydri, Noncommutative chiral anomaly and the Dirac-Ginsparg-Wilson operator, J. High Energy Phys. 08 (2003) 046 [hep-th/0211209].

[16] S. Iso and K. Nagao, Chiral anomaly and Ginsparg-Wilson relation on the noncommutative torus, Prog. Theor. Phys. 109 (2003) 1017 [hep-th/0212284].

[17] A.P. Balachandran and G. Immirzi, The fuzzy Ginsparg-Wilson algebra: a solution of the fermion doubling problem, Phys. Rev. D 68 (2003) 065023 [hep-th/0301242].

[18] K. Nagao, Matrix model and Ginsparg-Wilson relation, Nucl. Phys. 129 (Proc. Suppl.) (2004) 501 [hep-th/0309153].

[19] H. Aoki, S. Iso and K. Nagao, Ginsparg-Wilson relation and ’t Hooft-Polyakov monopole on fuzzy 2-sphere, Nucl. Phys. B 684 (2004) 162 [hep-th/0312199].

[20] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Noncommutative gauge theory on fuzzy sphere from matrix model, Nucl. Phys. B 604 (2001) 121 [hep-th/0101102].

[21] Y. Kimura, Noncommutative gauge theory on fuzzy four-sphere and matrix model, Nucl.

Phys. B 637 (2002) 177 [hep-th/0204256].

[22] Y. Kitazawa, Matrix models in homogeneous spaces, Nucl. Phys. B 642 (2002) 210 [hep-th/0207115].

[23] Y. Kimura, On higher dimensional fuzzy spherical branes, Nucl. Phys. B 664 (2003) 512 [hep-th/0301055].

[24] S. Bal and H. Takata, Interaction between two fuzzy spheres, Int. J. Mod. Phys. A 17 (2002) 2445 [hep-th/0108002].

[25] T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, Quantum corrections on fuzzy sphere, Nucl. Phys. B 665 (2003) 520 [hep-th/0303120].

[26] Y. Kimura, Myers effect and tachyon condensation, Nucl. Phys. B 692 (2004) 394 [hep-th/0309082].

[27] T. Imai and Y. Takayama, Stability of fuzzy S^2 × S^2 geometry in IIB matrix model, Nucl.

Phys. B 686 (2004) 248 [hep-th/0312241].

[28] T. Azuma, S. Bal, K. Nagao and J. Nishimura, Nonperturbative studies of fuzzy spheres in a matrix model with the Chern-Simons term, J. High Energy Phys. 05 (2004) 005 [hep-th/0401038].

– 8 –

[29] Y. Kimura, Nonabelian gauge field and dual description of fuzzy sphere, J. High Energy Phys.

04 (2004) 058 [hep-th/0402044].

[30] Y. Kitazawa, Y. Takayama and D. Tomino, Correlators of matrix models on homogeneous spaces, hep-th/0403242.

[31] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[32] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as superstring, Nucl. Phys. B 498 (1997) 467 [hep-th/9612115].

[33] R. Dijkgraaf, E. Verlinde and H. Verlinde, Matrix string theory, Nucl. Phys. B 500 (1997) 43 [hep-th/9703030].

[34] H. Aoki, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, Space-time structures from IIB matrix model, Prog. Theor. Phys. 99 (1998) 713 [hep-th/9802085].

[35] J. Ambjørn, K.N. Anagnostopoulos, W. Bietenholz, T. Hotta and J. Nishimura, Monte Carlo studies of the IIB matrix model at large N, J. High Energy Phys. 07 (2000) 011 [hep-th/0005147].

[36] J. Nishimura and G. Vernizzi, Spontaneous breakdown of Lorentz invariance in IIB matrix model, J. High Energy Phys. 04 (2000) 015 [hep-th/0003223]; Brane world generated dynamically from string type IIB matrices, Phys. Rev. Lett. 85 (2000) 4664 [hep-th/0007022].

[37] Z. Burda, B. Petersson and J. Tabaczek, Geometry of reduced supersymmetric 4D Yang-Mills integrals, Nucl. Phys. B 602 (2001) 399 [hep-lat/0012001].

[38] J. Ambjørn, K.N. Anagnostopoulos, W. Bietenholz, F. Hofheinz and J. Nishimura, On the spontaneous breakdown of Lorentz symmetry in matrix models of superstrings, Phys. Rev. D 65 (2002) 086001 [hep-th/0104260].

[39] J. Nishimura, Exactly solvable matrix models for the dynamical generation of space-time in superstring theory, Phys. Rev. D 65 (2002) 105012 [hep-th/0108070].

[40] K.N. Anagnostopoulos and J. Nishimura, New approach to the complex-action problem and its application to a nonperturbative study of superstring theory, Phys. Rev. D 66 (2002) 106008 [hep-th/0108041].

[41] J. Nishimura and F. Sugino, Dynamical generation of four-dimensional space-time in the IIB matrix model, J. High Energy Phys. 05 (2002) 001 [hep-th/0111102].

[42] H. Kawai, S. Kawamoto, T. Kuroki, T. Matsuo and S. Shinohara, Mean field approximation of IIB matrix model and emergence of four dimensional space-time, Nucl. Phys. B 647 (2002) 153 [hep-th/0204240].

[43] H. Kawai, S. Kawamoto, T. Kuroki and S. Shinohara, Improved perturbation theory and four-dimensional space-time in IIB matrix model, Prog. Theor. Phys. 109 (2003) 115 [hep-th/0211272].

[44] G. Vernizzi and J.F. Wheater, Rotational symmetry breaking in multi-matrix models, Phys.

Rev. D 66 (2002) 085024 [hep-th/0206226].

[45] T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, Effective actions of matrix models on homogeneous spaces, Nucl. Phys. B 679 (2004) 143 [hep-th/0307007].

– 9 –

[46] J. Nishimura, Lattice superstring and noncommutative geometry, Nucl. Phys. 129 (Proc.

Suppl.) (2004) 121 [hep-lat/0310019].

[47] J. Castelino, S.-M. Lee and I.W. Taylor, Longitudinal 5-branes as 4-spheres in matrix theory, Nucl. Phys. B 526 (1998) 334 [hep-th/9712105].

[48] S. Ramgoolam, On spherical harmonics for fuzzy spheres in diverse dimensions, Nucl. Phys.

B 610 (2001) 461 [hep-th/0105006].

[49] P.M. Ho and S. Ramgoolam, Higher dimensional geometries from matrix brane constructions, Nucl. Phys. B 627 (2002) 266 [hep-th/0111278].

[50] S. Ramgoolam, Higher dimensional geometries related to fuzzy odd-dimensional spheres, J.

High Energy Phys. 10 (2002) 064 [hep-th/0207111].

[51] T. Azuma and M. Bagnoud, Curved-space classical solutions of a massive supermatrix model, Nucl. Phys. B 651 (2003) 71 [hep-th/0209057].

[52] J. Medina and D. O’Connor, Scalar field theory on fuzzy S^4, J. High Energy Phys. 11 (2003) 051 [hep-th/0212170].

[53] R. Nakayama and Y. Shimono, Matrix configurations for spherical 4-branes and noncommutative structures on S^4, Nucl. Phys. B 693 (2004) 176 [hep-th/0402010].

[54] R. Nakayama and Y. Shimono, Noncommutative field theory on S^4, hep-th/0404086. [55] T. Azuma, Matrix models and the gravitational interaction, hep-th/0401120. [56] P. Austing and J.F. Wheater, Adding a Myers term to the IIB matrix model, J. High Energy Phys. 11 (2003) 009 [hep-th/0310170].

[57] E. Brezin, C. Itzykson, G. Parisi and J.B. Zuber, Planar diagrams, Commun. Math. Phys. 59 (1978) 35.

[58] T. Hotta, J. Nishimura and A. Tsuchiya, Dynamical aspects of large-N reduced models, Nucl.

Phys. B 545 (1999) 543 [hep-th/9811220].

[59] Y. Kimura, Noncommutative gauge theories on fuzzy sphere and fuzzy torus from matrix model, Prog. Theor. Phys. 106 (2001) 445 [hep-th/0103192].

– 10 –